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Introduction 


Quantum ChromoDynamics 


QCD: fundamental theory of quarks and gluons 


S 


-^tr(F A *F) 

9 

" -V-' 

gluon kinetic term 


+ ^ V D V ^ + mV’V’ 

V -v-' 

quark kinetic/mass terms 


This is very strongly coupled theory. 

Indeed, quarks/gluons never appear at low energies. 
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Introduction 


Chiral symmetry of QCD 

When quarks are massless (m = 0), iV c -color TVy-flavor QCD enjoys 
chiral symmetry, 

c _ SUjNfh x SU{N f ) R x U{l) v 
Z Nf x Z Nc 

Low-energy spectrum does not respect it because of spontaneous 
chiral symmetry breaking, 

SU(N f ) L x SU(N f ) R ->• SU(N f ) v . 

Pion (7r 0,± ) is the Nambu-Goldstone boson (Nf = 2). 
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Introduction 


Let’s ask the following question from curiosity. 

Question 

Why does QCD vacuum spontaneously break chiral symmetry? 


Does dynamics choose it out of many possibility? 

Or, are there any other reasons / constraints forcing it? 

Interestingly, QCD in chiral limit must be gapless! 

(’t Hooft, Wess, Stora, Zumino, Frishman, Schwimmer, Banks, Yankielowicz, ~ ’80s) 

So there is a constraint, though chiral SSB is NOT the unique 
possibility. 
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Introduction 


Main result 

Now, I want to ask if there are any missing constraints in ’80s? 
Especially, we usually think of chiral SSB as 

SU(N f ) L x SU(N f ) R -+ SU(N f ) v , 

but the exotic breaking, (Stern, ’97, Kogan, Kovner, Shifman, ’98, Kanazawa, ’15) 

SU{N f ) L x SU(N f ) R SU(Nf) v x (Z Nf ) chiiah 

is equally good in view of anomaly matching in ’80s. 

Result 

there is an extra constraint, ruling out the 'naive) exotic scenario. 

Related works: Gaiotto, Kapustin, Komargodski, Seiberg, '17, Tanizaki, Kikuchi, '17, 

Shimizu, Yonekura, ’17, Tanizaki, Kikuchi, Misumi, Sakai, '17, ... 

< g ► <!► ■<!► 1 

Sep. 14, 2020 


Yuya Tanizaki (YITP) 


Anomaly constraint on QCD 


•OQ.O 

5/21 







Review 


Review ’t Hooft anomaly matching 
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Review 


Anomaly matching 

Let’s assume we have a QFT with global symmetry G 

Definition (’t Hooft anomaly) 

Introduce Background gauge field A for G. 

Z[A + 5 e A\ = exp (i A[A,9]) Z[A\. 

Anomalous phase A[A,6] is nowadays called an 't Hooft anomaly. 

Theorem (’t Hooft anomaly matching) 

't Hooft anomaly is renormalization-group invariant, (r Hooft, 79, w) 
Low-energy effective theory must reproduce the same A[A, 9). 
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Review 


QCD and ’t Hooft anomaly 


Let’s see how it works in QCD with massless quarks m = 0. 
Following the idea, we introduce the gauge field A L for SU(Nf) L : 

4’ii'Du' i P => (d v + i’- 


Apply the background gauge transformation, 5q l Al = [(d + Al), 9l\, 
then we can find 


Z[A l + 5q l A l \ = Z[A l ) exp 


N c 

24tt 2 


tr 



A L dA L + -A 



So, we can compute anomaly exactly without solving QCD! 
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Review 


QCD in chiral limit must be gapless 


Anomaly tells “QCD+Ax” should be defined on the boundary of 
5d manifolds M 5 with SU(Nf) L bundle: 

^qcd,9m 5 [A l ] exp (A^ c Chern-Simons 5i M 5 [^L]) is gauge inv. 

Under RG, the CS level N c cannot be changed as it only takes 
discrete values. 

EFT of QCD must have the same anomaly for gauge invariance. 
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Review 


In '80’s, anomaly matching is restricted to continuous chiral 
symmetry. 


Th is turns out to bo too restrictive. (X.G. Wen, Kapustin, Thorngren, Cho, Theo, 
Ryu, ..., ’13~) 

Symmetry G can be any symmetries, either discrete or continuous, 
higher-form, 2-group, etc. 

Theorem 

For 't Hooft anomaly of such discrete/generalized symmetries, 
low-energy EFT must Include (In relativistic setup) 

55B, gapless excitations / CFT, or topological order. 
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On Stern phase 


Discrete anomaly of QCD and Stern phase 


□ 
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On Stern phase 


Orthodox and Exotic chiral SSB 

Usually, chiral SSB is caused by the quark bilinear condensate, 

W 

Having VEV, ~ A 3 , this causes SSB, 

SU(Nf) L x SU(N f ) R -> SU(N f ) v . 

Exotic one (Stern phase) Chiral SSB is 

SU(N f ) L x SU(N f ) R SU(N f ) v x (Z Nf ) x . 

Continuous part is broken as usual. The point is there is an extra 
discrete symmetry, 

-0L -> e 2m/Nf ^L, IpR ^ VtR- 
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On Stern phase 


The difference can be seen in a-rj plane (N f 


3). 



This is the usual scenario. There are Nf vacua on the circle with 
radius A 3 . 

In Stern phase, the vacuum is at the origin and “unique” in this plane. 
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On Stern phase 


Order parameter 

Since these two have different SSB patterns, we can distinguish them 
by Landau’s order parameter theory. 

As we have seen, the usual one is characterized by 


(V’rV’l) ~ A 3 . 

We can see that (Z Nf ) x acts as ^ri/jl —t so (Z JV/ ) x is 

broken. 

In Stern phase, (ijj R iJ) L ) = 0, but 

(($r^l)($l^r)) ~ A 6 . 

Within Ginzburg-Landau, both should be possible scenarios. 
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On Stern phase 


’t Hooft anomaly and Stern phase 


Stern phase has the same content of NG bosons because of 
continuous chiral SSB. 

=>■ Anomaly matching in ’80’s doesn’t tell difference. 

To emphasize the role of discrete axial symmetry, we look at 

„„b _ SU(N,) V x U(l) v 


^sub _ 


X (^A r f)x> 


(Zat c ) X (Zjv f ) 

instead of full chiral symmetry G. 

Finding anomaly of G sub , we can rule out exotic scenario! 
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On Stern phase 


Contents of background gauge fields 

To detect the’t Hooft anomaly of G sub , 


£r SU b 


SU(N f ) v x U(l) v 
(ZatJ x (Zjv f ) 




we introduce the background gauge fields (mo.08923, i7ii.i0487) (ref. 
Kapustin, Seiberg (2014))J 

® SU(Nf) v one-form gauge field: Af 
9 U(l)v one-form gauge field: A v 
9 (Z Nf ) x one-form symmetry: A x 
9 (Zjv c ) two-form gauge field: B c 
9 (Z^) two-form gauge field: Bf 

Not only the usual gauge fields, Ay :X , we need higher-form gauge 
fields B c j. 

1 
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On Stern phase 


Discrete ’t Hooft anomaly for massless QCD 

After introducing the background gauge fields, the partition function 
Zqqd is no longer gauge invariant. 

Gauge invariance requires to add 5d SPT phase: 


Zqcb exp J A x A d A b A -Bf^ . 

This says that the baryon number conservation is anomalously 
violated under ( Z Nf ) L and SU(N { )/Z N( gauge field: 

N f 

= [2tiY^ Ax ^ ^ f ' 

This is the discrete version of “baryon number violation by 
electroweak instantons”. 
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On Stern phase 


Skyrmions in ordinary chiral SSB 

Let us see how the discrete anomaly is matched for ordinary case: 

^ SU(Nt) L x SU(N t ) R x U{l) v __ SU(N t )v x U(l) v 

Zjv c X ZjVf Zjv c X ZiTVf 

The nonlinear Langrangian has the target space G/H = SU(Nf). 
Since 7 t 3 (G/H) = Z, there are Skyrmions with the skyrmion current 

^skyrmion = dU) 3 ]. 

=» d,/ s kyrmion/4 X , Rf\ = d Jb \A x , B{] , and the anomaly matching is 

satisfied. (1807.07666[hep-th]) 

This is an extension of the U(l)v-SU(N i ) L -SU(N i ) L anomaly 
matching in the chiral Lagrangian. (ref. Witten, 1983) 
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On Stern phase 


Exotic chiral symmetry breaking 


We now consider the Stern phase, where 

^ . ^sub SU(N F )v x U(l)v W , 
G ^ G = (Z„,)x(Z„,) X(Zw - )l ' 

The target space of the nonlinear Lagrangian is 

G/G sub = SU(N f )/Z N{ . 


=>■ We can obtain the effective theory by gauging Z Nl in the ordinary 
chiral Lagrangian. 


U : Nonlinear sigma field e SU(Nf), a x : Z N{ dynamical gauge field 
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On Stern phase 


Mismatch of anomaly in Stern phase 


Under the background gauge fields, the anomalous violation of 

'-^skyrmion 


c1J« 


Nr 


skyrmion 


-da Y A Bf 7^ d Jb- 


(2vr) 2 x 

Therefore, the anomaly matching is not satisfied. 

=> We rule out the Stern phase from the possible QCD vacua even at 
finite densities. (i807.07666[hep-th]) 


Note: It may be possible that “Stern phase + certain TQFT” passes 
the anomaly-matching test. 
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Summary 


Summary 


» Anomaly matching can constrain possible dynamics of 
strongly-coupled theories. 

® Its applicability becomes much broader in this ~5 years: 

► discrete symmetry 

► higher-form symmetry 

► n-group ... 

» Though QCD does not have these new symmetries, 

these techniques are important to gauge the symmetry correctly. 
=> Discrete version of U(1)b violation 
® Naive Stern phase is ruled out by new anomaly. 
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